We reconstruct the viable f (G) gravity models from the observations and provide the analytic solutions that well describe our numerical results. In order to avoid unphysical challenges that occur during the numerical reconstruction, we generalize f (G) models into f (GA), which is the simple extension of f (G) models with the introduction of a constant A parameter. We employ several observational data together with the stability condition, which reads d 2 f /dG 2 > 0 and must be satisfied in the late-time evolution of the universe, to give proper initial conditions for solving the perturbation equation. As a result, we obtain the analytic functions that match the numerical solutions. Furthermore, it might be interesting if one can find the physical origin of those analytic solutions and its cosmological implications. *
I. INTRODUCTION
Observational evidence [1, 2] indicates that our present universe has entered into a phase of accelerated expansion. Such an accelerated expansion invokes the existence of a mysterious energy source, dubbed as dark energy [2] . The existence of dark energy has been independently confirmed by the measurements of Cosmic Microwave Background (CMB) radiation [3] [4] [5] [6] [7] and the Baryon Acoustic Oscillation (BAO) [8] . Although the origin of dark energy has not been identified yet, an important quantity describing its property is the equationof-state parameter (EoS) ω DE , which is very close to −1.
The simplest candidate for dark energy is the cosmological constant Λ, which represents the vacuum energy density in the ΛCDM model of the universe. The observed cosmic acceleration of the universe is attributed to the repulsive gravitational force of the Λ. However, the cosmological constant suffers from the so-called finetuning and coincidence problems that respectively refer to the need for explanations to i) why the predicted value of Λ if it originates from the vacuum energy in particle physics is much larger than the observed dark energy scale and ii) why the dark matter density is comparable to the vacuum energy density now, given that their time evolution is so different [9, 10] .
As an alternative to the cosmological constant, the accelerated expansion of the current universe can also be explained by modifications of the law of gravity at large distances [11] [12] [13] [14] [15] . There have been a number of attempts to modify gravity while yielding the late-time acceleration of the universe. One of the simplest is known as the f (R) models of gravity, where R is a Ricci scalar. For a rather minimal modification, one considers that the gravitational Lagrangian may contain some additional terms as 1/R [16, 17] , ln R [18] , Tr(1/R) [19] , and inverse powers of Riemann invariant [20, 21] . Alternatively, it is also possible to take into account the so-called Gauss-Bonnet invariant G that is a combination of R, the Ricci tensor R µν , and the Riemann tensor R µνρσ and is expressed as G ≡ R 2 − 4R µν R µν + R µνρσ R µνρσ . Both the G and R belong to the so-called Lovelock theories of gravity, an infinite class of curvature invariants, which have an interesting feature that no higher than the second-order derivatives appear in the equations of motion. The f (R, G) models of gravity have been previously studied [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] to account for not only the late-time cosmic acceleration but also the cosmological viability conditions [25] [26] [27] [28] [29] [30] and the solar system constraints [31] .
Although the current observations do not have sufficient sensitivity to be able to discriminate dark energy from modified gravity theories, the precise measurement of the large scale structure formation would enable us whether to accept or to rule out the modified gravity scenarios as the origin of the accelerated expansion of the universe. It has therefore been suggested that in order to break the degeneracy between modified gravity models and dark energy, one may utilize the evolution of the linear growth of matter density fluctuations δ m (z) = δρ m /ρ m , where z is the red-shift parameter [32] [33] [34] [35] . The dynamical evolution of a small perturbation would be different for different theories of gravity. Thus, it is worth taking the so-called the growth rate factor of matter clustering: f (a) ≡ d ln δ m (a)/d ln a ≃ Ω γ m (a), where the scale factor a is a function of z, Ω m (a) is the energy fraction of the matter component of the universe, and γ is the growth index, into account. The fact that the complexity of both background and perturbation evolution makes it difficult to obtain viable models of modified gravity that satisfy both the cosmological and local gravity constraints.
The reconstruction technique employed with the observational data in the modified gravity theories is a useful tool on developing viable dark energy models that anticipates the right history of cosmic evolution. Using this scheme, one can compare the corresponding dark energy density with that of the modified gravity one. A number of successful reconstruction methods for f (R) gravity models has been investigated in Refs. [36] [37] [38] [39] , either by considering the background evolution alone or by adopting the specific models for the reconstruction.
An alternative method for reconstructing f (R) models of gravity has been suggested in Ref. [39] , in which the equation of state ω and the growth index γ are parameterised as functions of the scale factor and the numerical values provided by the observational data. Thus, based on the formulation introduced in Ref. [39] , in this work, we focus on the f (R, G) gravity models. In particular, R + f (G) models of gravity. In our study, we do not specify the forms of f (G). Instead, we aim at reconstructing the f (G) models from the observations by using the cosmological parameters and the specific parameterizations of ω and γ. In our present study, the equation-of-state and the growth-index parameters take the following forms: ω = ω 0 + (1 − a)ω a and γ = γ 0 + (1 − a)γ a , respectively. Here, the constants ω 0 , ω a , γ 0 , and γ a are supposed to be constrained by observational data [39] [40] [41] .
This paper is organized as follows. In Sec II, we briefly review the background and the perturbation evolution of the f (G) gravity models. In order to prepare our setup for further numerical analyses, we rewrite the necessary equations in terms of the dimensionless quantities in Sec. III. The Sec. IV serves as the connection between the f (G) models and the observations. In this section, we rewrite the background equations for effective dark energy and compare them with the corresponding f (G) ones. In Sec. V, we introduce the generalization of f (G) models into the f (G A ) models, which ensure the smoothness of the models. We obtain the values of cosmological parameters that well describe the observational data (i. e., the best-fit values) for three different models in subsection V A. In subsection V A, we present our numerical results on the reconstruction of f (G A ) gravity models and the analytic functions that match with our numerical solutions. We conclude and provide discussions in Sec. VI.
II. REVIEW: BACKGROUND AND PERTURBATION EVOLUTION

A. Model
We start with the action
where R is the Ricci scalar, G = R 2 − 4R µν R µν + R µνρσ R µνρσ is the Gauss-Bonnet term, f (G) is a function of G, and L m is the Lagrangian of matter fields. One can vary the action of Eq. (1) with respect to the metric g µν to obtain the corresponding field equations [25] 
where G µν = R µν − g µν R/2 is Einstein's tensor and T µν is the energy-momentum tensor for a perfect fluid.
The effective energy-momentum tensor Σ µν is defined as
where F = f ,G = ∂f /∂G. The trace of Eq. (2) is given by
where ρ m and p m are the energy density and the pressure of a non-relativistic matter, respectively. Hereafter, we assume that the matter fluid is given under the form of a perfect fluid with a zero pressure and the matter energy density ρ m satisfies the continuity equatioṅ
B. Background Equations
In a spatially flat FLRW background with a spacetime metric
one can obtain the dynamical equations of motion
where the dot denotes the derivative with respect to (w.r.t) the cosmic time, t.
It is convenient to replace the time derivatives with the derivatives w.r.t the number of e-folds, N = ln a.
Thus, in terms of the N , the above background equations can be rewritten as
where the prime denotes the derivatives w.r.t the N . In this flat background, the Ricci scalar and the Gauss-Bonnet term are given by
C. Perturbations Equation
For the sub-horizon modes (c 2 k 2 ≫ a 2 H 2 ), the evolution equation for the matter perturbation is given by
where
Eq. (13) can also be rewritten in terms of N as follows:
where Ω m ≡ (8πG/c 2 )ρ m /(3H 2 ) and
For the wavenumber, k which has units of [h/Mpc], dependent term in the square parenthesis, we use the following expression
where the current value of the scale factor of the universe is normalized to unity (i.e., a 0 = 1). It is worth noting here that the term inside the square parenthesis in Eqs. (13) and (18) reflects deviation from GR and is a function of both the wavenumber k and the scale factor a (i.e., in the limit f (G) → const. (or 0), A 1 = 1, A 2 = 0, B 1 = 1, and B 2 = 0, the GR is recovered). For the models of f (G) whose deviation from the GR is small during radiation-and matter-dominated eras, f ,GG ≡ d 2 f (G)/dG 2 is closer to zero. However, in order for not to violate the stability of perturbations, we require the condition that reads f ,GG > 0 [28] .
III. EQUATIONS IN TERMS DIMENSIONLESS QUANTITIES
One can notice from Eq. (1) that the dimension of f (G) should be the same as that of R. Thus, if one normalizes f (G) by H 2 0 then it becomes a dimensionless quantity. Hereafter, in our upcoming numerical calculations, we will treat f /H 2 0 ≡f as a number. Similarly, from Eqs.(11)-(12), we define the dimensionless quantities for the Ricci scalar and the Gauss-Bonnet term as follows
Therefore, in order to perform the numerical reconstruction of models, we need to rewrite both the background and the perturbation equations in terms of dimensionless quantities. First, the background evolution equations Eq (9) and (10) read
Here, the tilde indicates corresponding dimensionless quantities, such asf ≡ f /H 2 0 ,G ≡ G/H 4 0 ,f (n) ≡ d nf /dN n , andG (n) ≡ d nG /dN n where we use following chain rule:
Next, one can also rewrite the equation of the matter perturbation in Eq. (18) by using the dimensionless quantities
with the coefficients
As is seen in Eqs. (32) and (33), both B 1 and B 2 include the multiplication of derivatives off . Thus, it is safe for us to ignore those terms in our numerical analysis as long as the assumption of slowly varyingf is satisfied.
In the following section, we show that (H/H 0 ) 2 , H ′ /H, δ ′ m /δ m , and δ ′′ m /δ m can be obtained from cosmological observations. In other words, they can be expressed in terms of observable quantities. Thus, one can obtain the time evolution of f (G) function for the given values of cosmological parameters obtained from observations. For this purpose, we combine Eqs. (26) and (27) to obtaiñ
7
As we can see, Eq.(38) is a third-order-linear-inhomogeneous differential equation for f (N ). Thus, as long as the initial conditions forf (N ),f ′ (N ), andf ′′ (N ) is given, one can solve the above equation. In general, we need four constraint equations to specify initial conditions completely. Thus, to obtain these initial conditions, we use both the background and the perturbation equations. By employing the background evolution equations given in Eqs. (26) and (27) together with the perturbation equations given in Eq. (29) at the present time, we find equations for the initial conditions as
where the subscript "0" denotes the present time value of each quantity.
We show in the next section that the necessary functions can be obtained from cosmological observation hence they are given in terms of cosmological parameters including ω 0 , ω a , and Ω m0 . Thus,f 0 ,f ′ 0 , andf ′′ 0 with be given with reasonable initial values.
IV. CONNECTION TO OBSERVATION
In principle, one can rewrite the background equations given in Eqs. (9) and (10) by using the effective dark energy (EDE) under the assumption that contributions of f (G) are those of the EDE
where ρ cr0 denotes the critical energy density at present and the energy density, the pressure, and the equation of state of the EDE are given by
Following the method discussed in Ref. [39] , we aim at reconstructing the general R + f (G) models from observations. It is therefore efficient to adopt the parametrizations of cosmological parameters in order to probe various theoretical models. For this purpose, we adopt the so-called Chevalllier-Polarski-Linder (CPL) parameterization of the EDE equation of state: ω DE = ω 0 + ω a (1 − a) [40] . Thus, background evolution equations of motion Eqs. (7) and (8) can be rewritten as
where ρ cr is the critical energy density of the universe and
The values of ω 0 , ω a , and Ω m0 in Eqs. (47) and (48) The matter and dark energy components of the universe can also be expressed in terms of these measured quantities as follows:
The Friedmann equations written in Eqs. (47) and (48) therefore become
In addition, Eqs. (24) and (25) are written as
The dark energy density given in Eq. (53) and its equation of state ω DE can be compared with those derived from Eqs. (44) and (46) for the R + f (G) models,
The same scheme can be applied to the equation for the matter perturbation given in Eq. (29) . The growth rate of the matter perturbation is well parametrized as
where γ is the growth-rate index and we use the following parameterization: γ ≡ γ 0 + γ a 1 − e N . Here, the values of γ 0 and γ a are to be provided by observational constraints. By using Eq. (61), one can rewrite the left-hand side of Eq. (29) as a function of cosmological parameters
By using Eq. (62), we write Eq. (29) as
Now we are ready to obtain all the necessary initial conditions for solving Eq. (38) from Eqs. (39), (40) , and
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where the following necessary functions
can be evaluation at N = 0.
V. OBSERVATIONAL CONSTRAINTS AND RECONSTRUCTED f (G) MODELS
Before we probe details of reconstruction of f (G) models, it is worth emphasizing the differences between f (R) models and f (G) models. As one can see in Eqs. (24) and (25) 
where A > 1/2 is the dimensionless constant. In general, f (R) models do not have this kind constraint but so do f (G). Of course, this extension is not unique and there can be various extensions of f (G). However, we limit ourselves to this simplest extension model, f (G A ) in the rest of this manuscript.
A. Current observational constraints on cosmological parameters
In this subsection, we present the observational constraints on the cosmological parameters: Ω m0 , ω 0 , ω a , γ 0 , and γ a , discussed in the preceding sections. In our analysis, we use observational data including the CMB [6, 43] , Supernovae type Ia (SnIa) [44] , BAO [45] [46] [47] [48] [49] , Hubble expansion H(z) [50, 51] , and the growthrate data [52, 53] . The total likelihood function L tot can, therefore, be given as the product of the separate likelihoods of each data as follows: L tot = L CMB × L SnIa × L BAO × L H(z) × L growth , which is also related to the total χ 2 via χ 2 tot = − log L tot or χ 2 tot = χ 2 CMB + χ 2 SnIa + χ 2 BAO + χ 2 H(z) + χ 2 growth . By employing the aforementioned cosmological data together with the statistical methods of minimizing the χ 2 tot , we can obtain the best-fit values of the cosmological parameters {Ω m0 , ω 0 , ω a , γ 0 , γ a } and their uncertainties.
The best-fit values of the cosmological parameters that we obtained are listed as follows:
• Model 1: First, we consider the background evolution to be the same as that of the ΛCDM model. Thus, we set ω 0 = −1 and ω a = 0 hence ω DE = −1. In addition, for simplicity, we choose γ a = 0 and find the best-fit values for {Ω m0 , γ 0 } = {0.2771, 0.5841}.
• Model 2: As the second model, we investigate the ωCDM model where ω DE = ω 0 + ω a (1 − a) . However, we first consider the case where the EoS is constant hence ω a = 0. In this case, the best-fit values we obtain are: {Ω m0 , ω 0 , γ 0 , γ a } = {0.2768, −0.9986, 0.5454, −0.0099}.
The third model we discuss in this section is not from the likelihood analysis.
• Model 3: We adopt {Ω m0 , ω 0 , ω a , γ 0 , γ a } = {0.32, −1, 0, 0.55, 0} to be similar to Planck data [7] .
By using these observationally favored values of the cosmological parameters, we reconstruct both numerical and analytic viable f (G A ) gravity models in the following subsection.
B. Reconstructed Models
Based on different cosmological parameters obtained in the last subsection V A, we reconstruct and investigate various models of R + f (G) gravity in this subsection. As we will shortly see, the following analytic functions well describe our numerical modelsf
(74)
where coefficients a 1 , b 1 , m 1 , n 1 , a 2 , b 2 , c 2 , d 2 , m 2 , and n 2 are obtained from different models.
Model 1 : ΛCDM model
As we mentioned earlier, the background evolution of this model is the same as that of the ΛCDM model:
i.e., ω 0 = −1 and ω a = 0. In addition, by choosing γ a = 0, we obtained the best-fit values for {Ω m0 , γ 0 } = {0.2771, 0.5841} as shown in the previous subsection V A. In order to obtain viable numerical solutions, one needs to specify A andf ′′ 0 . We find that {A,f ′′ 0 } = {1.0, 0.26} produce the viable numerical solution off . However, the stability condition seems to be challenged for z > 0.6 in this model because of the high values of γ 0 . We find that it is difficult to obtain the stable slowly varyingf for γ 0 > 0.6. Thus, it is difficult to find viable models when we obtain cosmological parameters with large γ 0 values. The behavior of the EDE equation of state, ω eff is shown in the left panel of Fig. 1 . Moreover, one can find the approximate analytic solution of this model. We find that the first analytic function,f 1 given in Eq. (74) with {a 1 , b 1 , m 1 , n 1 } = {−3.6, 2.7 × 10 −2 , 5.9 × 10 −2 , 0.65} approximately mimics the numerical solution as shown in the right panel of In this model, we are not able to find the second viable analytic solution,f 2 given in Eq. (75). If one increases the value of Ω m0 compared to the best fit value, the slope off gets the larger compared to that of the best-fit value. As the value of Ω m0 decreases, so does the variation of the functionf . The dotdashed, solid, and dashed lines correspond Ω m0 = 0.287, 0.277, and 0.267, respectively. We further investigate behavior of ω eff for different values of Ω m0 . One might expect steeper variation of ω eff for the larger value of Ω m0 . However, it is opposite to the expectation as shown in the right panel of Fig. 2 . This is due to the fact that ω eff does not simply depend on the differentiation off as given in Eq. (46) . The red-shift evolution of ω eff are depicted as dot-dashed, solid, and dashed lines for Ω m0 = 0.287, 0.277, and 0.267, respectively. Also for this model, we can find the analytic solution which is well matched with the numerical one. We find that the first analytic function,f 1 given in Eq. (74) with {a 1 , b 1 , m 1 , n 1 } = {−4.0, 5.2 × 10 −3 , 3.3 × 10 −2 , 0.84} almost perfectly matches with the numerical solution shown in Fig. 3 . The solid and dashed lines correspond analytic and numerical solutions, respectively. In this model, we could not find the viable solution that described by the second analytic function,f 2 given in Eq. (75). We investigate the model with values of cosmological parameters similar to that of Planck [7] . For this purpose, we adopt {Ω m0 , ω 0 , ω a , γ 0 , γ a ) = (0.32, −1, 0, 0.55, 0}. For the given cosmological parameters, we find that one can obtain viable numerical solutions for {A,f ′′ 0 } = {0.6, −0.05}. With these initial conditions, one can reconstruct the cosmological evolution off model numerically by using Eq. (38) . By comparing cosmological evolution off model as a function ofG A with varying the Ω m0 values from 0.31 to 0.33, we also investigate the effects of different values of Ω m0 . These are shown in the left panel of Fig. 4 . The larger the Ω m0 values, the smaller the change inf for this model. The dot-dashed, solid, and dashed lines correspond Ω m0 = 0.33, 0.32, and 0.31, respectively. The red-shift evolution of ω eff for different values of Ω m0 is also investigated. This is shown in the right panel of Fig. 4 . The red-shift evolution of ω eff are depicted as dot-dashed, solid, and dashed lines for Ω m0 = 0.33, 0.32, and 0.31, respectively.
For this model, one can find the analytic solutions which are almost identical to the numerical ones. We find that the first analytic function,f 1 given in Eq. 
VI. CONCLUSIONS
In this work, we have investigated the viable cosmological models of f (G) gravity via a reconstruction method and presented the analytic solutions that well describe our results. After providing a brief review of both background and perturbation equations and the stability condition of the model, we have rearranged necessary equations in terms of the dimensionless quantities in Sec. III. Thus, our setup is well prepared for the numerical investigation. However, unlike f (R) gravity models, f (G) gravity models face an unphysical challenge which leads to an occurrence of the divergence in the numerical study. In order to cure such troublesome behavior in Sec. V, we have generalized the original f (G) models into the f (G A ) models as given in Eq. (72), where A is an arbitrary constant whose value is constrained by the observational data. It seems to be evident that such an extension would not affect the essence of the background as well as the perturbation evolution as it can be regarded as the simple redefinition of G, the Gauss-Bonnet term.
As an alternative to the cosmological constant in the ΛCDM model of the universe, we regard the f (G A ) gravity models as dark energy with an effective equation of state ω eff , which is given in Eq. (46) . In order to connect the model with the observations in Sec. IV, we have used the so-called CPL parameterization for the equation-of-state parameter and the similar form for the growth-rate index in our analysis. By employing the several observational data including CMB, Supernovae type Ia (SnIa), BAO, Hubble expansion H(z), and the growth-rate data [6, [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] together with the statistical methods based on χ 2 tot , we have obtained the best-fit values of the cosmological parameters in Sec. V A. These best-fit values have been used in Sec. V B
for reconstructing the viable f (G A ) gravity models. As a result of our numerical analysis, we have successfully reconstructed the cosmological models of f (G A ) gravity that well describe the observational data. Moreover, in Eqs. (74) and (75), we have provided the analytic functions that almost perfectly match with our numerical results by using the different set of best-fit and observationally favored values, see Figs. 1 -5 and their interpretations in the main text. It is therefore worth investigating the physical origin of those solutions and their cosmological implications, which we leave as future extensions to our present study.
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